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Motion of classical point-like impurities in the homogeneous Einstein condensate of bosons is
studied in the framework of second quantization method. A toy model is proposed and its general
solution within the Bogoliubov approximation is obtained. The effective Minkowski space-time
structure arises naturally in this non-relativistic quantum many-body system in the low energy
regime. This is shown to be true in this model. Several examples are discussed in order to illustrate
our model. The homogeneous condensate produces an effective Yukawa type attractive force between
impurities sitting in condensate. Landau’s criterion is naturally derived in a case of linear motion of
impurity. The analytic expressions for spectra of Bogoliubov excitations produced by the accelerated
motions of impurities are obtained. A quick look at the analytic expression reveals that the spectrum
of gapless excitations emitted by the linearly accelerated impurity is not thermal. If the homogeneous
condensate is the physically correct model for Minkowski space-time then it follows that the apparent
thermal response of the simple linearly accelerated detector models may be the result of improper
regularization.
PACS numbers: 03.75.Kk, 03.70.+k, 67.40.Yv
I. INTRODUCTION
In 1924 Einstein predicted the very peculiar behavior of an ideal gas of non-relativistic particles obeying a new
statistics [1]. This new statistics (Bose-Einstein statistics) was proposed by Bose to explain the Planck distribution for
the black body radiation. Einstein found that most of the population of the ideal gas would occupy the ground state
below the critical temperature. This phenomenon is somewhat counterintuitive, and has no place in classical statistics,
but it revealed the quantum nature of many particle systems. The phenomenon is now known as Bose-Einstein
condensation, referring to the Einstein condensation (entartung) in systems having the Bose-Einstein statistics. In
1995 Bose-Einstein condensate (BEC) was finally created in laboratories in several alkali vapors [2–4]. The essential
difference besides developments in cooling techniques is an additional magnetic trapping to confine the cold atoms
within a small region. This celebrated experimental success also revived theoretical interests in BECs with additional
trapping potentials [5].
A decade after the experimental realization of BEC, this field is still very active, both experimentally and theo-
retically. Recently much interest has been growing in cosmology and gravitational physics. In these fields it is very
difficult to do experiments in laboratories, and experimental tests are usually based on astrophysical observations.
There are several proposals to resolve this discrepancy, which discuss “analogies” between real gravity and BECs [6].
In their proposals the homogeneous BEC serves as a Minkowski space-time and the deviations from the flat metric
tensor arise as a so called “acoustic metric” in inhomogeneous BECs. In this way BECs may mimic “analog” gravities.
Hence “effective” gravities in laboratories are attainable to test the theories.
On the other hand, there is another direction of research where gravitation is indeed considered as an emergent
phenomenon arising from collective excitations in quantum many-body systems [7–15]. In these proposals a physical
vacuum is considered as a real condensed state which contains a huge number of heavy bosons. The Minkowski vacuum
is assumed to be the homogeneous BEC. The low energy vacuum structure of such an medium is then described by
the relativistic quantum field theory. In this sense the relativistic quantum field theory is an effective theory which
works only in the low energy scale. It then follows that the relativistic quantum field theory breaks down at certain
energy scale. Many difficulties of the relativistic quantum field theory seem to occur as a result of an extrapolation
and the usual regularization techniques corresponding to unphysical degrees of freedom.
The idea of the space-time medium for the propagation of light in quantum mechanics was introduced by Dirac
[16, 17]. The old idea of an æther was abandoned as a result of success of special relativity and by the Michelson-Morley
experiment before quantum mechanics. Recent precise experiment shows that the upper limit for the anisotropy of
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2the velocity of light is 10−15 [18]. Therefore it is an experimental fact that the velocity of light is isotropic. Dirac
revisited the possibility of keeping the idea of an æther in quantum mechanics. He showed that the isotropy of the
velocity of light does not conflict with the idea of the space-time medium which is responsible for the propagation
of light. From this point of view, a quantum many-body system could be a candidate since the velocity of sound is
isotropic in several BECs and in 4He.
It is of fundamental interest to study the motion of impurities in BECs. By impurities we mean any bosons or
fermions which can be distinguishable from condensed bosons, and the total number of impurities Nimp is much less
than that of condensed bosons N (N ≫ Nimp). The general solution to this problem has not been found so far, and
we are unlikely to obtain it within our current understanding in many-body problems. Several partial results are
obtained recently from a condensed matter physics point of view [22–28]. This problem is not only interesting in a
pure academic sense. It is also very important for practical reasons to take into account the effects of impurities in
experiments.
The purpose of this paper is to provide a small step toward solution of this problem. We propose a toy model
describing the motion of classical impurities in the homogeneous BEC in the framework of the second quantization
method. To this end we employ the Bogoliubov model for weakly interacting massive bosons in a dilute regime
[29–31]. We then add an interaction Hamiltonian which takes into account the local contact interaction between
bosons and impurities. Specifically, we focus on the motion of classical point-like impurities moving along given
trajectories. We do not discuss back reaction on the impurities, and their dynamics mainly. Our main interest is
to find out how the homogeneous condensate responds to the motion of impurities, and how it tries to maintain its
condensed state in the presence of impurities. We also want to examine the hypothesis postulated in previous studies,
stating that the homogeneous BEC is the Minkowski vacuum. Especially important is finding out how the effective
Minkowski space-time structure emerges from the non-relativistic many-body system. Is the motion of impurities in
the homogeneous BEC exactly corresponding to the motion of test particles in the Minkowski space-time? Suppose
that the homogeneous condensate happens to be unstable against the motion of impurities and can be easily destroyed
by them. If it happens, then their hypothesis should be rejected. This is because the Minkowski vacuum has to be
very stable, as is well known. We will show that the homogeneous condensate is very robust in a large N limit and
can give rise to macroscopic effects which could be observed.
After we demonstrate that the homogeneous condensate has similar properties to the Minkowski vacuum, we will
study several examples to illustrate our model. Particularly, the accelerated motion of impurities in BEC is of interest.
This situation is analogous to the case of accelerated moving detectors in the Minkowski space-time. According to
the standard description of quantum field theory in the curved space-time, a uniformly accelerated detector in the
Minkowski space-time would detect a thermal spectrum. In other words, observers “feel hot” when they are accelerated
in the Minkowski space-time. The temperature Ta which such an observer would measure is given by the formula,
Ta =
~a
2πkBc
. (1)
Here a is the acceleration constant of the observer at an instantaneous rest frame, and kB is the Boltzmann constant.
This thermal effect is generally referred to as the “Unruh effect” [32]. Thus, it has long been believed that an empty
Minkowski vacuum would serve as a thermal bath for accelerated observers. In spite of the absence of experimental
confirmation, this mathematical consequence has been accepted for over three decades. There is sometimes an
impression that this thermal character is equivalent to quantum field theory itself [33]. Recently, Belinskii and his
collaborators revisited the Unruh effect. They claim that the thermal character of the Minkowski space is an artifact
of an invalid mathematical procedure repeatedly used in the discussion of the Unruh effect [34–36]. The problem
remains open.
Therefore it is very interesting to examine the accelerated motion of impurities in the homogeneous condensate. In
the model presented in this paper, the thermal spectrum is not found for cases such as a uniform accelerated motion,
nor a uniform circular motion. This paper is organized as follows. In Sec. II we propose a simple model Hamiltonian
describing a point-like classical impurity in BEC, and we obtain the general solution within the Bogoliubov approx-
imation. In order to keep this paper self-contained, we give the review on the number conserving Bogoliubov model
briefly in this section. We then derive formulae for the occupation number and the energy dissipation in Sec. III. The
general solution obtained in Sec. II provides time dependent behavior of various physical quantities such as the den-
sity, the current density, the stress energy momentum complex. Deviations of these quantities from the homogeneous
condensate are also discussed. Low energy behavior of these quantities suggest that the Minkowski space-time be an
emergent space-time arising from non-relativistic quantum many-body system, i.e. the homogeneous BEC. In Sec. IV
we study several examples to illustrate our model and its general solution. We first provide the general argument for
the derivation of Landau’s criterion based on the method of stationary phase. Next we obtain an attractive Yukawa
type force between two stationary impurities sitting in the BEC. Then, three particular examples for the motion of
impurity are studied; a linear motion with a constant velocity, a uniformly accelerated motion, and a circular motion
3with a constant angular velocity. We obtained analytic expressions for these cases with thorough analyses of them.
Sec. V provides brief discussion for the dynamics of a quantum impurity in our model. We obtained a closed equation
for the motion of single, point-like quantum impurity. In Sec. VI we also give an alternative model for the motion
of impurities based on the Galilean invariance. The current-current type interaction model is proposed and solved
within the same approximation done in Sec. II. We summarize our results and give a discussion on our results in
Sec. VII. Appendix contains a supplement for the matin text.
II. MODEL HAMILTONIAN AND ITS DIAGONALIZATION
A. The Model
The Bogoliubov model Hamiltonian for weakly interacting bosons of mass M is
Hˆ0(t) =
∫
d3x ψˆ†(x, t)(−~
2∇2
2M
)ψˆ(x, t) +
1
2
∫
d3x
∫
d3x′ψˆ†(x, t)ψˆ†(x′, t)V (x− x′)ψˆ(x, t)ψˆ(x′, t). (2)
The field operators ψˆ†(x, t) and ψˆ(x, t) in the Heisenberg picture satisfy the equal time canonical commutation
relations :
[ψˆ(x, t), ψˆ†(x′, t)] = δ(x− x′),
[ψˆ(x, t), ψˆ(x′, t)] = [ψˆ†(x, t), ψˆ†(x′, t)] = 0.
(3)
The general two-body interaction term V (x−x′) can be approximated by a contact interaction gδ(x−x′) in the low
energy region. This approximation will be used throughout the paper in order to get analytic results, but extension
to the general two-body interaction is quite straightforward [37]. The coupling constant g for the approximated
interaction between bosons is expressed in terms of the s-wave scattering length as; g = 4πas~
2/M . We assume the
repulsive interaction g > 0. The condition of diluteness na3s ≪ 1 is also assumed. Here n is the number density of
massive bosons. We consider the following interaction Hamiltonian between bosons and the distribution of classical
impurities ρc(x, t) taking into account the local interactions between them.
HˆI(t) = λ
∫
d3x ρc(x, t)ψˆ
†(x, t)ψˆ(x, t). (4)
For a point-like classical impurity moving along a given trajectory ζ(t), ρc(x, t) is written using the Dirac delta
distribution as ρc(x, t) = δ(x− ζ(t)). The coupling constant λ is expressed in terms of the s-wave scattering length
bs; λ = 2πb
i
s~
2/m˜. Here m˜ is the reduced mass of the boson and the impurity. Extension to an arbitrary number of
point-like impurities case is obtained by a replacement λρc(x, t)→
∑
i λiδ(x− ζi(t)).
The momentum operator of the bosons
Pˆ =
∫
d3x ψˆ†(x, t)(−i~∇)ψˆ(x, t), (5)
commutes with the Hamiltonian (2). However, the momentum operator does not commute with the interaction Hamil-
tonian (4). This is contrary to the fundamental requirement of translational invariance. This should be understood
as follows. Let us consider a quantum mechanical impurity described by its position and momentum operator qˆ(t)
and pˆ(t) respectively. The interaction Hamiltonian in this case reads
HˆI(t) = λ
∫
d3x δ(x− qˆ(t))ψˆ†(x, t)ψˆ(x, t). (6)
Then the total momentum operator Pˆ + pˆ commutes with this interaction Hamiltonian. The non-conserving mo-
mentum is now understood as an approximation of replacing q-number with c-number impurity trajectory ζ(t). This
approximation is valid as long as only slowly moving classical impurities are concerned. The quantum impurity will
be discussed later in Sec. VI, where the closed equation is obtained for the quantum impurity.
We expand the field operators in terms of the plane wave basis with periodic boundary conditions in a finite size
box V = L3 as
Hˆ0(t) =
∑
k
ǫkaˆ
†
k(t)aˆk(t) +
g
2V
∑
k,k′,q
aˆ†k+q(t)aˆ
†
k′−q(t)aˆk(t)aˆk′ (t) (7)
4and
HˆI(t) =
λ
V
∑
k,k′
ρ˜k′(t)aˆ
†
k+k′ (t)aˆk(t), (8)
where ǫk = ~
2k2/2M is the free kinetic energy of bosons. Here the summation is taken over integers ni for k =
2π(nx, ny, nz)/L. In the above expression, we introduced the Fourier transform of the impurity distribution :
ρ˜k(t) =
∫
d3x ρc(x, t)e
−ik·x. (9)
By definition ρ˜k=0(t) =
∫
d3xρc(x, t) = 1.
The creation and the annihilation operators aˆ†k(t), aˆk(t) satisfy the equal time canonical commutation relations :
[aˆk(t), aˆ
†
k′(t)] = δk,k′ ,
[aˆk(t), aˆk′(t)] = [aˆ
†
k(t), aˆ
†
k′ (t)] = 0,
(10)
where δk,k′ = δnx,n′xδny,n′yδnz,n′z with δn,n′ the Kronecker delta. In the following discussion, time dependence of these
operators for simplicity will be suppressed.
Later we will take the thermodynamic limit in which the volume V and the number of bosons N become infinite,
keeping the density n = N/V fixed. In this limit the summation is replaced with the integral
lim
V→∞
1
V
∑
k
= (2π)−3
∫
d3k. (11)
The creation and annihilation operators are relabeled by the continuous wave numbers as
lim
V→∞
√
V aˆ†k = (2π)
3/2aˆ†(k), lim
V→∞
√
V aˆk = (2π)
3/2aˆ(k). (12)
Then, aˆ†(k) and aˆ(k) satisfy the canonical commutation relations:
[aˆ(k), aˆ†(k′)] = δ(k − k′),
[aˆ(k), aˆ(k′)] = [aˆ†(k), aˆ†(k′)] = 0.
(13)
In the following we are interested in the effects of impurities to the homogeneous condensate in the large N limit. We
will investigate the first order correction on the homogeneous condensate.
We follow Bogoliubov’s treatment [29–31] to simplify the full Hamiltonian Hˆ0 + HˆI. First we separate the second
term in (7) into two parts, one is the forward scattering term with zero momentum transferred Uˆ0 and the other with
non zero momentum transferred Uˆ ′. Uˆ0 and Uˆ
′ are
Uˆ0 =
g
2V
∑
k,k′
aˆ†kaˆ
†
k′ aˆkaˆk′ =
g
2V
(Nˆ2 − Nˆ), (14)
where Nˆ =
∑
k aˆ
†
kaˆk is the total number operator, and
Uˆ ′ =
g
2V
∑
k,k′,q 6=0
aˆ†k+qaˆ
†
k′−qaˆkaˆk′ . (15)
The second term Uˆ ′ is split into three parts depending on the number of the zero mode creation and annihilation
operators as Uˆ ′ = Uˆ (2) + Uˆ (1) + Uˆ (0) :
Uˆ (2) =
g
V
aˆ†0aˆ0
∑′
aˆ†kaˆk +
g
2V
(aˆ0aˆ0
∑′
aˆ†kaˆ
†
−k + h.c.), (16)
Uˆ (1) =
g
V
(aˆ0
∑′
aˆ†k+k′ aˆkaˆk′ + h.c.), (17)
Uˆ (0) =
g
2V
∑′
aˆ†k+qaˆ
†
k′−qaˆkaˆk′ , (18)
5where the prime over the summation is used to indicate the omission of the zero mode for the summation. In the
large N approximation, we keep the Uˆ (2) term only. The rest contributes only in higher order corrections.
Next we eliminate the zero mode creation and annihilation operators as follows [38]. Define a self-adjoint operator
βˆ0 by
βˆ0 = (Nˆ0 + 1)
−1/2aˆ0, Nˆ0 = aˆ
†
0aˆ0. (19)
This operator βˆ0 and its hermite conjugate satisfy βˆ0βˆ
†
0 = 1 and βˆ
†
0βˆ0 = 1− Πˆ0, where Πˆ0 = |N0 = 0〉〈N0 = 0| is the
projection operator onto the state N0 = 0. In the presence of the homogeneous BEC for the zero mode, we can safely
exclude the state N0 = 0. We then approximate βˆ
†
0βˆ0 ≃ 1, i.e. βˆ0 is an almost unitary operator, and [βˆ0, βˆ†0] ≃ 0
holds. More precisely this approximation holds between matrix elements when we compute expectation values. Then
aˆ†0 =
√
Nˆ0βˆ
†
0 and aˆ0 = βˆ0
√
Nˆ0 allow us to eliminate the bare zero mode operators aˆ
†
0 and aˆ0. We introduce a new
set of the creation and the annihilation operators αˆ†k and αˆk for non-zero momentum by
αˆ†k = aˆ
†
kβˆ0, αˆk = βˆ
†
0aˆk for k 6= 0, (20)
which satisfy the equal time canonical commutation relations :
[αˆk(t), αˆ
†
k′ (t)] = δk,k′ − αˆk′ αˆ†kΠˆ0 ≃ δk,k′ ,
[αˆk(t), αˆk′ (t)] = [αˆ
†
k(t), αˆ
†
k′(t)] = 0.
(21)
The vacuum state of the Fock space H0 for the new set of the creation and the annihilation operators is the same as
before, and it is defined by
αˆk|0〉 = 0 for all k 6= 0. (22)
It should be noted that these composite creation and annihilation operators have the following properties :
αˆ†k|N0, N1, · · · , Nk, · · · 〉 =
√
Nk+1|N0 − 1, N1, · · · , Nk + 1, · · · 〉, (23)
and
αˆk|N0, N1, · · · , Nk, · · · 〉 =
√
Nk|N0 + 1, N1, · · · , Nk − 1, · · · 〉, (24)
where Nk is the number of particles occupying the mode k in the plane wave basis. In other words, the total number
of particles is conserved after we apply these operators.
We express the Hamiltonian (7) in terms of these new operators, Nˆ0, and Nˆ ,
Hˆ0 =
g
2V
(Nˆ2 − Nˆ) +
∑′
(ǫk +
g
V
Nˆ0)αˆ
†
kαˆk +
g
2V
(
√
Nˆ0 + 2
√
Nˆ0 + 1
∑′
αˆ†kαˆ
†
−k + h.c.). (25)
Similarly for the interaction Hamiltonian (8),
HˆI =
λ
V
Nˆ0 +
λ
V
(
√
Nˆ0 + 1
∑′
ρ˜k(t)αˆ
†
k + h.c.) +
λ
V
∑′
ρ˜k′(t)αˆ
†
k+k′ αˆk. (26)
We note that the total number operator Nˆ = Nˆ0 +
∑′
αˆ†kαˆk commutes with both Hamiltonians (25) and (26) at
this point. Therefore we can choose the basis in which Nˆ is diagonalized with given value N . This gives the condition
Nˆ0+
∑′
αˆ†kαˆk = N which allows us to eliminate the zero mode occupation number operator Nˆ0. Using an expansion
for the square root function and keeping up to the second order in the new set of creation and annihilation operators,
we obtain our approximated Hamiltonian as
Hˆtot = E0 +
∑′
(ǫk + gn)αˆ
†
kαˆk +
gn
2
∑′
(αˆ†kαˆ
†
−k + h.c.) +
nλ√
N
∑′
(ρ˜k(t)αˆ
†
k + h.c.). (27)
Here E0 = gnN/2− gn/2 + λn is a constant term, and we neglected terms of order of N−1.
6B. Diagonalization
Let us implement the Bogoliubov transformation to diagonalize the bilinear terms in the Hamiltonian (27). The
required canonical transformation U = exp(iGˆB) is generated by
GˆB =
i
2
∑′
θkαˆ
†
kαˆ
†
−k + h.c., (28)
with
θk = tanh
−1(
gn
~ωk + ǫk + gn
), ~ωk =
√
ǫk(ǫk + 2gn). (29)
Bogoliubov’s excitation (the “bogolon”) is created and annihilated by the operators
bˆ†k = e
iGˆB αˆ†ke
−iGˆB = αˆ†k cosh θk + αˆ−k sinh θk, (30)
bˆk = e
iGˆB αˆke
−iGˆB = αˆk cosh θk + αˆ
†
−k sinh θk. (31)
These operators satisfy the same canonical commutation relations as before. The new vacuum state of the Fock space
HB for the bogolon is defined by
bˆk(t)|0B〉 = 0 for all k 6= 0. (32)
This new vacuum contains infinitely many modes created by the original creation operators αˆ†k
|0B〉 = exp(iGˆB)|0〉 (33)
= exp{
∑′
[− ln(cosh θk) + αˆ†kαˆ†−k tanh θk)]}|0〉.
It is well known that two Fock spaces H0 and HB are unitarily inequivalent to each other because they possess infinite
degrees of freedom. The above formal expression (33) loses its meaning in the thermodynamic limit. Therefore we
need to specify the vacuum state corresponding to each Fock space [43, 44]. To see this point more clearly, we evaluate
the inner product of two vacua |0〉 and |0B〉:
〈0|0B〉 = exp[−
∑′
ln(cosh θk)]→ exp[−V
∫
d3k
(2π)3
ln(cosh θk)]. (34)
Obviously this results in 〈0|0B〉 = 0 for the V → ∞ limit, meaning |0B〉 cannot be written as a superposition of
vectors belonging to the Hilbert space H0.
After the Bogoliubov transformation generated by (28), the total Hamiltonian (27) becomes
HˆB = E
′
0 +
∑′
~ωkbˆ
†
kbˆk +
∑′
(fk(t)bˆ
†
k + h.c.). (35)
Here E′0 = E0 +
∑′
(~ωk − ǫk − gn)/2 is the ground state energy without impurities, and
fk(t) = nλ
√
ǫk
N~ωk
ρ˜k(t). (36)
In the thermodynamic limit, the second term in E′0 can be evaluated as follows.
1
2
∑′
(~ωk − ǫk − gn) = V
2
∫
d3k
(2π)3
(~ωk − ǫk − gn) (37)
= −NMng
2
~
∫
d3k
(2π)3
1
k2
+
64gN(nas)
3/2
15
√
π
. (38)
Obviously, the first term diverges in eq. (38). This divergence can be understood as an artifact of the approximation for
the general two-body interaction V (x−x′) by the delta function gδ(x−x′). As a consequence, the Fourier transform
7of interaction is constant g for all k. Therefore, all wave numbers including the ultraviolet region contribute with the
same weight. The standard way to deal with this divergence is to renormalize the coupling constant g by
4π~2as
M
= g − Mg
2
~
∫
d3k
(2π)3
1
k2
. (39)
This renormalization is done with the term gnN/2 in E0, and corresponds to including the second order Born
approximation for the scattering length as [45].
The first order impurity effects in our model are described by the model equivalent to the generalized time dependent
van Hove model. We will explain later that the factor 1/
√
N due to BEC introduces the significant difference and
gives rise to the macroscopic degree of freedom. In this sense it is different from the van Hove model.
The Heisenberg equations for the bogolon operators are
i~∂tbˆ
†
k = [bˆ
†
k, HˆB] = −~ωkbˆ†k − f∗k(t), (40)
i~∂tbˆk = [bˆk, HˆB] = ~ωk bˆk + fk(t). (41)
We solve this differential equation with the boundary condition such that the operators evolve without impurities
asymptotically at the remote past t = −∞. The solution is
bˆ†k(t) = bˆ
in†
k (t) + φ
∗
k(t), (42)
bˆk(t) = bˆ
in
k (t) + φk(t). (43)
Here φk(t) is a c-number function :
φk(t) = − i
~
e−iωkt
∫ t
−∞
dt′ fk(t
′)eiωkt
′
(44)
= − inλ
~
√
ǫk
N~ωk
Ik(t)e
−iωkt, (45)
where the integral Ik(t) is defined by
Ik(t) =
∫ t
−∞
dt′ ρ˜k(t
′)eiωkt
′
. (46)
Alternatively we can directly diagonalize the Hamiltonian HˆB using the time dependent unitary transformation
UC(t) = exp (iGˆC(t)) as will be shown below [46].
In the Heisenberg picture the time evolution of operators O(t) is governed by the Heisenberg equation i~O˙(t) =
[O(t), H(t)]. (Explicit time dependence is not assumed for Oˆ(t).) The unitary transformation U(t) = exp (iG(t))
for the operator O(t) introduces a new operator O˜(t) = UOU †. Time evolution of the new transformed operator
O˜(t) is then given by the Heisenberg equation i~ ˙˜O(t) = [O˜(t), H˜(t)]. The transformed Hamiltonian is H˜(t) =
U(H − i~U †U˙)U †, where the left hand side is expressed in terms of new transformed operators. In our case we
implement the time dependent unitary transformation UC(t) generated by
GˆC(t) = −i
∑′
k
φk(t)bˆ
†
k + h.c. (47)
φk(t) is a c-number time dependent function which will be determined later. This transformation shifts bˆ
†
k(t) and
bˆk(t):
bˆin†k (t) = e
iGC bˆ†k(t)e
−iGC = bˆ†k(t)− φ∗k(t),
bˆink (t) = e
iGC bˆk(t)e
−iGC = bˆk(t)− φk(t).
(48)
To obtain the transformed Hamiltonian in terms of bin†k (t) and b
in
k (t), we need to evaluate K(t) = U
†
CU˙C . The formula
exp(−iG) d
dt
exp(iG) = iG˙+ i2[G˙, G]/2! + i3[[G˙, G], G]/3! + · · · , (49)
8after simple algebra yields,
K(t) = (iωkφk + φ˙k)bˆ
†
k + (iωkφ
∗
k − φ˙∗k)bˆk +
1
2
[(iωkφk − φ˙∗k)φk + (iωkφk + φ˙k)φ∗k]. (50)
The transformed Hamiltonian H˜B(t) is
H˜B(t) = UC(HB(t)− i~K(t))U †C (51)
= E˜0(t) +
∑′
~ωkbˆ
in†
k (t)bˆ
in
k (t) ≡ H in(t), (52)
provided that the c-number function φk(t) satisfies a simple differential equation:
i~φ˙k(t) = ~ωkφk(t) + fk(t). (53)
The solution with the initial condition φk(t = −∞) = 0 is given by (44). In the diagonalized Hamiltonian we defined
the new ground state energy E˜0(t) by
E˜0(t) = E
′
0 +
∑′
Re(f∗k(t)φk(t)). (54)
The asymptotic creation and annihilation operators denoted by bˆin†k (t) and bˆ
in
k (t) respectively satisfy the same
canonical commutation relations, and time evolution is governed by the Heisenberg equation with the diagonalized
Hamiltonian Hˆ in, i.e. bˆin†k (t) = e
iωktbˆin†k and bˆ
in
k (t) = e
−iωktbˆink . Hence,
Hˆ in(t) = E˜0(t) +
∑′
~ωk bˆ
in†
k bˆ
in
k . (55)
The energy spectrum ~ωk is that of the gapless excitations characterized by ωk ≃ kc for a small k, where c =
√
gn/M
is the speed of sound. Fig. 1 shows the characteristics of Bogoliubov’s spectrum. We remark that the spectrum ωk
and the speed of sound c are the same as in the original Bogoliubov model without impurities. Therefore the motion
of impurities does not affect either ωk nor c in our approximation. Another remark regarding Bogoliubov’s spectrum
is that the general two-body interaction V (|x− x′|) instead of the contact interaction gδ(x− x′) produces different
curve as shown in Fig. 2. This Fig. 2 is plotted for the finite height potential
V (|x− x′|) =
{
V0 (|x| < r0)
0 (|x| > r0),
(56)
with V0 and r0 constants. The contact interaction approximation is understood as the limit of this potential. In the
general two-body interaction case, the excitation spectrum is
~ωk =
√
ǫk(ǫk + 2nV˜ (k)), (57)
where V˜ (k) is the Fourier transform of the potential
V˜ (k) =
∫
d3x V (|x|)e−ik·x. (58)
For the above particular choice of interaction (56),
~ωk =
√
ǫ2k +
2πn~2r0V0
M
(
sin kr0
kr0
− cos kr0
)
. (59)
This excitation spectrum has also phonon-like behavior for small k, i.e. ~ωk ≃ ~kc′ with c′ =
√
2πnV0r30/(3M).
Interestingly by taking into account the finite distance interaction, Bogoliubov’s excitation contains the roton-like
excitation spectrum as seen in Fig. 2 [47].
The vacuum state of the Fock space Hin for bˆin†k and bˆink is defined by
bˆink |0in〉 = 0 for all k 6= 0, (60)
9FIG. 1: Bogoliubov’s excitation spectrum ~ωk =
√
ǫk(ǫk + 2gn). ~ωk/(Mc
2) is plotted as a function of ~k/(
√
2Mc). Two
asymptotic curves are also plotted. The dashed line represents ~kc (kξ ≪ 1). The dashed curve represents ǫk +Mc2 (kξ ≫ 1).
FIG. 2: Bogoliubov’s excitation spectrum ~ωk =
√
ǫk(ǫk + 2nV˜ (k)) for (59). ~ωk/ǫk0 is plotted as a function of k/k0 with
k0 = 1/r0.
and this vacuum represents the homogeneous condensate. The relation between two vacua of Fock spaces HB and
Hin is formally expressed as
|0in〉 = exp (iGˆC(t))|0B〉 (61)
= exp[
∑′
(− 1
2
|φk(t)|2 + φk(t)bˆ†k)]|0B〉. (62)
The homogeneous condensate vacuum |0in〉 is time independent since the time dependence of the annihilation operator
bˆink (t) is simply exp(−iωkt). Hence the Hilbert space of bogolons HB[t] is a one parameter family of Hin characterized
by the time t.
The physical interpretation of the above result is quite simple. The motion of impurities creates the time dependent
coherent states. The dressed Bogoliubov’s excitations do not annihilate the homogeneous condensate vacuum:
bˆk(t)|0in〉 = φk(t)|0in〉. (63)
III. OCCUPATION NUMBER AND ENERGY DISSIPATION
One of our main effects described by our model is the effect of energy dissipation due to the motion of impurities
in the homogeneous BEC. From our model we find that even though the systems is in the ground state where no
elementary excitation is present, there is energy transferred from the motion of impurities to massive bosons. In
other words, the motion of impurities will dress bogolons in such a way that bogolons will not see the homogeneous
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condensate as a vacuum. Since we do not take into account any back reaction on the impurities, this transferred
energy is the energy in order for the impurities to move along given trajectories. It means that we need to feed this
amount of energy to keep the impurities moving. More realistic model for the dissipation effects in BEC should be
done by considering quantum impurities and taking into account the dynamics of them.
We first evaluate the occupation number for bogolons with respect to the homogeneous condensate. This number
counts the emitted bogolons accompanying with the motion of impurities in BEC,
n˜k(t) ≡ 〈0in|bˆ†k(t)bˆk(t)|0in〉 = |φk(t)|2 =
n2λ2ǫk
N~3ωk
|Ik(t)|2. (64)
Fluctuation in the occupation number ∆n˜k(t) is
∆n˜k(t) = [〈0in|(bˆ†k(t)bˆk(t))2|0in〉 − (〈0in|bˆ†k(t)bˆk(t)|0in〉)2]1/2 (65)
= |φk(t)|. (66)
We are interested in evaluating the occupation number for the t → ∞ limit, which covers the whole trajectories of
impurity motion.
We next evaluate the expectation value for the number operator Nˆk(t) = aˆ
†
k(t)aˆk(t) = αˆ
†
k(t)αˆk(t) (k 6= 0) with
respect to the homogeneous condensates |0in〉 as
〈0in|Nˆk(t)|0in〉 = 1
2
(
ǫk + gn
~ωk
− 1) + 1
2
(
ǫk
~ωk
+ 1)|φk(t)|2 + 1
2
(
ǫk
~ωk
− 1)|φ−k(t)|2 + gn
2~ωk
|φ∗k(t)− φ−k(t)|2. (67)
The first term is the well known term in the original Bogoliubov argument, and the rest are contributions due to the
impurities. The depletion of the condensate d(t) due to the quantum fluctuation can be evaluated by summing over
all modes and divided by the total particle number N :
d(t) =
8
3
√
na3s
π
+
1
N
∑′
(
ǫk
~ωk
|φk(t)|2 + gn
2~ωk
|φ∗k(t)− φ−k(t)|2). (68)
Since |φk|2 has an additional factor 1/N , the motion of impurities does not contribute to the depletion of the homoge-
neous condensate in the thermodynamic limit. Therefore, in the large N limit, the homogeneous condensate is stable
against a small number of external impurities, i.e. when the number of impurities is much less than the total number
of bosons. In contrast, real experiments have always the finite number of particles and a finite size. Therefore, there
are effects on the depletion of condensates due to the motion of the impurities.
The dissipated energy Ek(t) for a given mode k is obtained by multiplying n˜k(t) by the excitation energy ~ωk, i.e.
Ek(t) = ~ωkn˜k(t). Therefore the total dissipated energy E(t) is given by summing over all modes, which is expressed
in the thermodynamic limit as
E(t) =
∑′ Ek(t)→ nλ2
~2
∫
d3k
(2π)3
ǫk|Ik(t)|2. (69)
In particular for the t → ∞ limit, taking into account the complete trajectory of impurity motion, we obtain rather
a simple expression,
Etot = lim
t→∞
E(t) (70)
=
nλ2
2M
∫
d3k
(2π)3
∫
dω δ(ω − ωk)k2|ρ˜c(k, ω)|2. (71)
Here ρ˜c(k, ω) is the Fourier transform of impurity distribution ρc(x, t) with respect to space and time coordinates :
ρ˜c(k, ω) =
∫
dt
∫
d3x ρc(x, t)e
−ik·x+iωt. (72)
IV. EMERGENT MACROSCOPIC FIELDS
The coherent states play an essential role in representing classical fields from quantum systems in various areas of
physics. In quantum electrodynamics for example, the classical Maxwell equation can be derived as the Ehrenfest
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equation with respect to the coherent state. In our model one of the main results eq. (63) is best understood form
this point of view. To this end we express operators in terms of incoming field creation and annihilation operators
bˆin†k and bˆ
in
k .
We first express the field operator ψˆ(x, t) in terms of incoming fields. For this purpose we need to know the
time dependence of operator βˆ0(t) defined by eq. (19). Using the Hamiltonian (25, 26), it is easy to show that the
Heisenberg equation for this operator is i~∂tβˆ0(t) = gnβˆ0(t) within our approximations, and hence
βˆ0(t) = e
−ignt/~βˆin0 = e
−iMc2t/~βˆin0 . (73)
Using the Bogoliubov transformation (31) and the solution (43),
ψˆ(x, t) = βˆin0 e
−iMc2t/~[
√
n+
1√
V
∑′
( cosh θk bˆk(t)e
ik·x − sinh θk bˆ†k(t)e−ik·x)] (74)
= βˆin0 e
−iMc2t/~(ψc(x, t) + ψˆq(x, t)). (75)
Here the c-number field ψc(x, t) and q-number field ψˆq(x, t) are defined by
ψc(x, t) =
√
n[1− λ
~V
∑′ i√
2~ωk
(~ωkIk(t)e
ik·x−iωkt − ǫkI∗k(t)e−ik·x+iωkt)], (76)
ψˆq(x, t) =
1√
V
∑′ 1√
2~ωk
(
√
gn+ ǫk + ~ωk bˆ
in
k e
ik·x−iωkt −
√
gn+ ǫk − ~ωk bˆin†k e−ik·x+iωkt), (77)
with Ik(t) eq. (46). A similar expression for ψˆ
†(x, t) can be obtained by taking the hermite conjugate of the above
result.
We next evaluate the density operator ρˆ(x, t) and the current density operator ˆ(x, t) defined by
ρˆ(x, t) = ψˆ†(x, t)ψˆ(x, t), (78)
ˆ(x, t) =
~
2Mi
[ψˆ†(x, t)(∇ψˆ(x, t))− (∇ψˆ†(x, t))ψˆ(x, t)]. (79)
We express these operators in terms of incoming fields in the same manner as before,
ρˆ(x, t) = n+
1
V
∑′√Nǫk
~ωk
(φ∗k(t)e
−ik·x + c.c.)+
1√
V
∑′√ nǫk
~ωk
(bˆin†k (t)e
−ik·x + h.c.), (80)
ˆ(x, t) =
1
V
∑′ ~k
2M
√
N~ωk
ǫk
(φ∗k(t)e
−ik·x + c.c.)+
1√
V
∑′ ~k
2M
√
n~ωk
ǫk
(bˆin†k (t)e
−ik·x + h.c.). (81)
These equations satisfy the continuity equation :
∂tρˆ(x, t) +∇ · ˆ(x, t) = 0, (82)
as required by the self-consistency of our approximations. In the thermodynamic limit, these operators have non-
vanishing expectation values with respect to the homogeneous condensate |0in〉. We now define the induced density
due to the motion of an impurity by
ρ¯(x, t) = 〈0in|ρˆ(x, t)|0in〉 − 〈0in|ρˆ(x, t)|0in〉|λ=0. (83)
In the homogeneous BEC case, this induced density accounts for the deviation from the constant density n. The same
expression for the induced current density is defined. Then eqs. (80,81) yields
ρ¯(x, t) = κc2
∫
d3k
(2π)3
k2
2ωk
(iI∗k(t)e
−ik·x+iωkt + c.c.), (84)
¯(x, t) = κc2
∫
d3k
(2π)3
k
2
(iI∗k(t)e
−ik·x+iωkt + c.c.), (85)
where we denote the ratio of two coupling constants g and λ by κ = λ/g. These induced density and current density
also satisfy the continuity equation :
∂tρ¯(x, t) +∇ · ¯(x, t) = 0. (86)
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Although the Bogoliubov excitation frequency ωk contains ~, the cancelation of ~ in the above expressions should be
noticed.
It is also convenient to obtain the Fourier transform expression in terms of ρ˜c(k, ω) (72). Using the formula
lim
T→∞
∫ T
0
dt eiwt =
∫ ∞
0
dt e(iw−ǫ)t =
i
w + iǫ
, (87)
with ǫ a positive small number which goes to zero at the end of calculations, ρ¯(x, t) and ¯(x, t) become
ρ¯(x, t) = κc2
∫
d3k
(2π)3
∫
dω
2π
k2
2ωk
ρ˜c(k, ω)(
1
ω − ωk + iǫ −
1
ω + ωk + iǫ
)eik·x−iωt, (88)
¯(x, t) = κc2
∫
d3k
(2π)3
∫
dω
2π
k
2
ρ˜c(k, ω)(
1
ω − ωk + iǫ +
1
ω + ωk + iǫ
)eik·x−iωt. (89)
Fourier transforms of ρ¯(x, t) and ¯(x, t) are written using the Fourier transform of the retarded Green function,
Dret(ω, ωk) = 1/(ω
2 − ω2k + isgn(ω)ǫ),
ρ¯(k, ω) = κc2k2ρ˜c(k, ω)Dret(ω, ωk), (90)
¯(k, ω) = κc2kωρ˜c(k, ω)Dret(ω, ωk). (91)
The induced density satisfies the following differential equation:
(∂2t − c2△+ c2ξ2△2)ρ¯(x, t) = κc2△ρc(x, t), (92)
where △ = ∇2 is the Laplacian and ξ = ~/(2Mc) is the coherence length of the homogeneous condensate. We can
also obtain the differential equation for the induced current ¯(x, t) in the same manner. Assuming the distribution
of impurities ρc(x, t) satisfies the continuity equation ∂tρc(x, t) + ∇ · c(x, t) = 0, e.g. for a point-like impurity
ρc = δ(x− ζ(t)) and c = ζ˙(t)δ(x− ζ(t)), we have
(∂2t − c2△+ c2ξ2△2)¯(x, t) = −κc2∇∂tρc(x, t) (93)
= κc2∇(∇ · c(x, t)). (94)
Lastly we evaluate the induced stress energy momentum complex T¯ µ(ν)(x, t) (µ, ν = 0, 1, 2, 3) defined by
T¯ µ(ν)(x, t) = 〈0in|Tˆ µ(ν)(x, t)|0in〉 − 〈0in|Tˆ µ(ν)(x, t)|0in〉|λ=0. (95)
The stress energy momentum complex Tˆ µ(ν)(x, t) of the Bogoliubov model is obtained from the Lagrangian density
:
L = i~
2
(ψˆ†∂tψˆ − ∂tψˆ†ψˆ)− ~
2
2M
∂iψˆ
†∂iψˆ − g
2
ψˆ†ψˆ†ψˆψˆ, (96)
where the space-time coordinate dependence (x, t) is for simplicity omitted for ψˆ†(x, t) and ψˆ(x, t). When the
action
∫
d3x
∫
dtL is invariant under an infinitesimal space-time translation, there exists the stress energy momentum
complex of four conserved No¨ether currents [53, 54]. These four conserved currents are defined by
Tˆ µ(ν) =
∂L
∂(∂µψˆ)
∂ν ψˆ + ∂ν ψˆ
† ∂L
∂(∂µψˆ†)
− δµνL, (97)
where ∂0 = ∂t and summation of repeated indices is understood. For the Bogoliubov model,
Tˆ 0(0) =
~
2
2M
∂iψˆ
†∂iψˆ +
g
2
ψˆ†ψˆ†ψˆψˆ,
Tˆ i(0) = −
~
2
2M
(∂tψˆ
†∂iψˆ + ∂iψˆ
†∂tψˆ),
Tˆ 0(i) =
i~
2
(ψˆ†∂iψˆ − ∂iψˆ†ψˆ),
Tˆ i(j) = −
~
2
2M
(∂iψˆ
†∂jψˆ + ∂jψˆ
†∂iψˆ)
+ δij [− i~
2
(ψˆ†∂tψˆ − ∂tψˆ†ψˆ) + ~
2
2M
∂kψˆ
†∂kψˆ +
g
2
ψˆ†ψˆ†ψˆψˆ].
(98)
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These four No¨ether currents satisfy the continuity equation ∂µTˆ
µ
(ν) = 0 (ν = 0, 1, 2, 3), which results in conservation
of the energy (ν = 0) and the momentum (ν = 1, 2, 3). For the general two-body interaction case, the stress energy
momentum complex does not conserve locally, but it does conserve globally.
Substituting eq. (74) and its hermite conjugate into eqs. (98), it is easy to show that the Fourier transform of the
induced stress energy momentum complex,
T¯ µ(ν)(k, ω) =
∫
d3x
∫
dt T¯ µ(ν)(x, t)e
−ik·x+iωt, (99)
is
T¯ 0(0)(k, ω) = κMc
4k2ρ˜c(k, ω)Dret(ω, ωk), (100)
T¯ i(0)(k, ω) = κMc
4kiωρ˜c(k, ω)Dret(ω, ωk), (101)
T¯ 0(i)(k, ω) = −κMc2kiωρ˜c(k, ω)Dret(ω, ωk), (102)
T¯ i(j)(k, ω) = −δijκMc2ω2ρ˜c(k, ω)Dret(ω, ωk). (103)
From the above result, we see that it is natural to define the effective Minkowski metric tensor
ηµν = diag(c
2,−1,−1,−1), (104)
with c the speed of sound, and its inverse
ηµν = diag(1/c2,−1,−1,−1). (105)
Then we raise and lower the indices to get the symmetric stress energy momentum complex defined by T¯ µν(k, ω) =
ηµν T¯ µ(ν)(k, ω) :
T¯ 00(k, ω) = κMc2k2ρ˜c(k, ω)Dret(ω, ωk), (106)
T¯ i0(k, ω) = κMc2kiωρ˜c(k, ω)Dret(ω, ωk), (107)
T¯ 0i(k, ω) = κMc2kiωρ˜c(k, ω)Dret(ω, ωk), (108)
T¯ ij(k, ω) = δijκMc
2ω2ρ˜c(k, ω)Dret(ω, ωk). (109)
This induced stress energy momentum complex is conserved locally in our approximation
∂µT¯
µν(x, t) = 0 (ν = 0 ∼ 3). (110)
Several remarks are in order. We first observe that for very large length scale, much greater than ξ, we can
approximate eq. (92) as
ηµν∂µ∂ν ρ¯(x, t) = κ△ρc(x, t). (111)
Thus bogolons propagate following the ordinary sound wave equation in barotropic fluids with the speed of sound
c regardless the details of the motion of impurities. We emphasize the non-triviality of this result. Although the
homogenous BEC maintains its condensed state, where the depletion of condensate is very small in the large N limit,
there arises macroscopic change in its density 〈0in|ρˆ(x, t)|0in〉 = n+ ρ¯(x, t). Especially, any small disturbance in the
homogeneous BEC at some space-time point will produce the propagation of bogolons inside the space-time light
cone as represented by the wave equation (111). In this large length scale, the left hand side of (111) respects the
Lorentz symmetry rather than the original Galilean symmetry. This effective symmetry becomes more exact as we
go to a larger length scale. However, this classical behavior will not hold when we reach the high energy scale or the
very small length scale ξ, where we cannot neglect the terms depending on the coherence length ξ. This situation is
familiar: quantum hydrodynamics breaks down at certain length scales. There, the impurities start to see the atoms
rather than phonon-like low energy excitations.
From the induced stress energy momentum complex, we have T¯ 0(0) = Mc
2ρ¯, i.e. the deviation of the energy
density of this fluid is equal to Mc2×(the induced density). We also have the relation T¯ i(0) = T¯ 0ic2, in other words,
(energy density flux) = (momentum density)×c2. The famous Einstein relation holds true, with c the speed of
sound. Lastly, we point out that the induced stress energy momentum complex T¯ µν(x, t) is completely symmetric,
i.e. T¯ µν(x, t) = T¯ νµ(x, t). Here we used the inverse of the effective Minkowski metric tensor ηµν to raise the index:
T¯ µν(x, t) = ηµν T¯ µ(ν)(x, t). This is a non-trivial result. This suggests that relativity could indeed emerge as the
consequence of the existence of an underlying constituent.
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V. EXAMPLES
We will consider several examples to illustrate our model and its general solution. In order to discuss the analogy
to special relativity, we use the relativistic form of trajectories. (In order to discuss realistic experimental settings, we
need to use the non-relativistic trajectories instead. Moreover, we should use finite times, volumes, and trajectories
conforming to the experimental situations.) The speed of sound plays the role of the speed of light. We are interested
in the occupation number (64) and the total dissipated energy (69) for the t→∞ limit. Therefore our main concern
is to evaluate the integral (46) for ρc(x, t) = δ(x− ζ(t)), with ζ(t) a trajectory of point-like impurity.
Ik(∞) =
∫
dt
∫
d3x ρc(x, t)e
−ik·x+iωkt (112)
=
∫ ∞
−∞
dt eiωkt−ik·ζ(t). (113)
A. Method of Stationary Phase and Landau’s Criterion
Since it is impossible to carry out the above integral (113) in general, let us first examine it using the method of
stationary phase.
We are interested in the behavior of this integral for high momenta where the condition ωk ≫ kc holds. Then the
integral oscillates rapidly, so that we can approximate it using the method of stationary phase. Rewrite the integral
as
Ik(∞) =
∫
dt eiωkg(t), (114)
where g(t) = t − k · ζ(t)/ωk = t − kˆ · ζ(t)/(c
√
1 + (kξ)2), with kˆ = k/k a unit vector in the direction of k. The
stationary phase point is obtained by
g′(τ) = 0↔ kˆ · ζ˙(τ)/c =
√
1 + (kξ)2 (> 1), (115)
and the integral is approximated as
Ik(∞) ≃
∑
j
eiωkτj−ik·ζ(τj)
∫
dt e−ik·ζ¨(τj)(t−τj)
2/2 (116)
=
∑
j
eiωkτj−ik·ζ(τj)
√
2π
ik · ζ¨(τj)
. (117)
Here the summation should be taken over the stationary phase points obtained by (115), and k · ζ¨(τj) 6= 0 is assumed.
Otherwise the integral is approximated as zero. In order to give rise to the manifest energy dissipations, the argument
of the exponent (117) has to be imaginary. However as long as the velocity of the impurity is less than the speed
of sound c, no real τ exists satisfying (115). This means any subluminal motion below c will produce exponential
suppression factors resulting in much smaller dissipation effects. (In addition we need a condition Im(g(τj)) > 0,
otherwise the integral grows exponentially.) This general statement is equivalent to Landau’s criterion [48]. Indeed,
if we start from the general two-body interactions V (x−x′) rather than the contact interaction as mentioned before,
the above stationary phase point condition becomes
k ·ζ˙(t) = ω(k). (118)
Here ω(k) =
√
ǫk(ǫk + 2nV˜ (k))/~ is the dispersion relation for the general two-body interaction. Thus we obtain the
critical velocity vc as
vc = min
k
(
ω(k)
|k|
)
. (119)
The stationary phase points are always complex for |ζ˙(t)| < vc. The corresponding statement is that there is always
an exponential suppression when the speed of the impurity is smaller than the critical velocity |ζ˙(t)| < vc. Therefore,
we derive Landau’s criterion from the first principle based on our simple model. We will give a more quantitative
argument by considering the motion of an impurity with a constant velocity later. As is clear from our discussion, an
impurity moving slightly slower than the critical velocity can give rise to energy dissipation. This cannot be explained
from Landau’s argument based on the kinematical consideration.
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B. Two Stationary Impurities
As a special case, we first consider two point-like impurities sitting in a BEC. For simplicity we assume the impurities
have the same mass, i.e. the coupling constant λ is the same. The distribution is ρc(x) = (δ(x− x1) + δ(x− x2))/2
where the factor 1/2 is a convention to make
∫
d3x ρc(x, t) = 1, and x1, x2 are constant vectors. It is clear that this
special case does not give rise to energy dissipation in the t→∞ limit, since Ik(∞) ∝ δ(ωk), and ωk = 0 if and only
if k = 0. However, the ground state energy
E˜0(t) = E
′
0 +
∑′
Re(f∗k(t)φk(t)), (120)
depends on the distance between the two impurities R = |x1 − x2|.
The limit t → ∞ should be taken carefully in this case, since the Fourier transform of ρc(x) does not depend on
time, i.e. fk is time independent.
Re(f∗kφk(t))
= Re
(−in2λ2ǫk|ρ˜k|2e−iωkt
N~2ωk
lim
T→∞
∫ t
−T
dt′ eiωkt
′
)
(121)
=
−n2λ2ǫk|ρ˜k|2
N~2ωk
lim
T→∞
1− cosωk(t+ T )
ωk
(122)
=
−n2λ2ǫk|ρ˜k|2
N~2ω2k
, (123)
where we use limT→∞(1−coswT )/w = P(1/w) with P the principal value distribution, and P(1/w) = 1/w for w 6= 0.
The above limit holds at any time t except t = −∞. Hence the ground state energy is a constant of time, and in the
thermodynamic limit,
E˜0 = E
′
0 −
nλ2
2~2
∫
d3k
(2π)3
ǫk
ω2k
(1 + cosk ·R) (124)
= E′0 −
Mnλ2
~
∫
d3k
(2π)3
1
k2
+
gn2λ2
~2
∫
d3k
(2π)3
1
ω2k
− nλ
2
2
∫
d3k
(2π)3
cos(k ·R)
ǫk + 2gn
(125)
= E′0 +
nλ2M2c
2π~3
− nλ
2M
4π~2
exp(−R/ξ)
R
. (126)
The divergent integral, the second term in the second line, should be considered as a term arising from the fact that
we approximate the interaction Hamiltonian (4) by taking only contact interaction with the s-wave scattering length
bs. We have already encountered the same divergent integral when we calculated the ground state energy E
′
0 without
impurities by renormalizing the coupling constant g. The same procedure is applied for the coupling constant λ which
appears in E′0.
The third term in eq. (126) has the same form as the Yukawa potential and gives rise to an attractive force between
two stationary impurities. In real experimental situations however, the distance between two impurities is much larger
than the coherence length, then attractive force decays with the exponential factor.
On the other hand, if the mass M of boson happens to be very small such that the coherence length has the same
order as the size of the system L = (V )1/3, then the effective potential Veff for the impurities can be approximated as
Veff ≃ −nλ
2M
4π~2
1
R
. (127)
Thus the homogeneous condensate produces a long-range attractive force between impurities. This is the same as the
Newtonian gravity regardless of details of the impurities. The strength of this attractive force depends only through
the combination nλ2M/(4π~2). Expressing the coupling constant λ in terms of the s-wave scattering length bs, the
coefficient of (127) is approximated nλ2M/(4π~2) ≃ nπb2s~2/M . In this scenario, the impurities with a longer s-wave
scattering length get attracted stronger.
We remark that this effective attractive force was also obtained by others by studying a mixture of bosons and
fermions [22, 50, 51]. There they found that a bosonic background produces an attractive Yukawa type force between
two-component fermions.
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C. Constant Velocity
As the simplest example of the motion of an impurity in the homogenous BEC, let us consider a linear motion of
one impurity with a constant velocity v. The trajectory is ζ(t) = vt, then the integral (113) is
Ik(∞) = 2π δ(ωk − k · v). (128)
To obtain the total dissipated energy in this case, one needs to give a little attention to the limit t → ∞ since we
cannot take a square Ik(∞) directly. To this end we first integrate for a finite time interval T , and then we take the
limit T →∞ at the end of calculations. The dissipated energy becomes proportional to T for large T with the use of
the formula (1− coswT )/w2 ≃ πTδ(w). Hence we obtain the rate of energy dissipation Γ in the thermodynamic limit
Γ = lim
T→∞
Etot(T )
T
(129)
=
2πnλ2
~2
∫
d3k
(2π)3
ǫk δ(ωk − k · v). (130)
Thus Γ = 0 unless there exists k such that ωk = k · v. To proceed further, we rewrite the above integral in spherical
coordinates and introduce the new variables x = ~k/(2Mc), and y = β cos θ, where β = v/c. Then the rate of energy
dissipation reads
Γ =
4nλ2M3c3
π~4β
∫ ∞
0
dx x3
∫ β
−β
dy δ(
√
x2 + 1− y). (131)
Clearly it follows that β > 1 in order to have energy dissipation. Hence the rate of energy dissipation is
Γ =
nλ2M3c3
π~4β
(β2 − 1)2 Θ(β − 1), (132)
where Θ(x) is the step function. Like the Cherenkov radiation, this radiation is emitted inside a cone with an opening
angle θc = cos
−1(1/β), and its momentum cuts off at ~kc = 2Mc
√
β2 − 1 keeping the total dissipated energy finite.
As was mentioned above, this is the microscopic description of Landau’s criterion. We now present the original
argument by Landau, which is based on purely kinematical considerations.
Consider any excitation in a fluid, which has atoms of the massM , has an energy E and a momentum p in a reference
frame where the fluid is at rest. Then the energy of the excitation E′ in the coordinate system where the fluid is
moving with velocity v with respect to the container, is given by a Galilean boost: E′ = E+p ·v+Mv2/2. Dissipation
due to the motion of the excitation can happen if the energy in the boosted frame is negative, i.e. E + p · v < 0. In
the optimal case where p is anti-parallel to v, this implies v > E/p. Therefore, for the phonon-like excitation E = pc,
this condition gives v > c, with c the speed of sound in the fluid. Superfluidity is explained then by the absence
of excitations for motions with velocities smaller than the critical Landau velocity. While this condition is widely
accepted, it seems that it has not yet been derived from an underlying microscopic theory as was done in this section.
D. Constant Acceleration
The trajectory of a linear accelerated particle along the z-direction is
ζ(t) =
c2
a
√
1 + (
at
c
)2 zˆ, (133)
with a given acceleration a and c the speed of sound. The speed of the impurity is always bounded by that of sound,
|ζ˙(t)| < c. In the limit c → ∞, the trajectory becomes quadratic in t as at2/2+(constant). To evaluate the above
integral (113), we change the integration variable t to a dimensionless variable s through t = (c/a) sinh s, and we
define
Ωk =
c
a
√
ω2k − (ck · zˆ)2 =
kc2
a
√
sin2 θ + k2ξ2, (134)
σk = tanh
−1(
ck · zˆ
ωk
) = tanh−1(
cos θ√
1 + k2ξ2
), (135)
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where θ is an angle between k and the z-axis. Then,
Ik(∞) = c
a
∫ ∞
−∞
ds cosh s exp[iΩk sinh(s− σk)] (136)
=
2c
a
[π δ(Ωk) coshσk + iK1(Ωk) sinhσk], (137)
where K1(x) is the modified Bessel function of the second kind. The first term in eq. (137) will not contribute to
the occupation number for the following reasons. The first is that Ωk = 0 if and only if k = 0. The second reason
follows from two properties of the Dirac delta distribution; δ(f(x)) =
∑
i δ(x− xi)/|f ′(xi)|, where xi are the roots of
f(x) = 0, and xδ(x) = 0. The final reason is the presence of the factor ǫk/ωk in eq. (64). Therefore the occupation
number is
n˜k =
4c2n2λ2
~3a2N
ǫk
ωk
(K1(Ωk) sinhσk)
2. (138)
The total dissipated energy is expressed as
Etot = 4c
2nλ2
~2a2
∫
d3k
(2π)3
ǫk sinh
2 σk (K1(Ωk))
2
. (139)
Let us examine the above results for the infrared and the ultraviolet region using the asymptotic behavior of the
modified Bessel function. For this purpose we will take differential forms of the occupation number dn˜k and the
dissipated energy dEtot = ~ωkdn˜k in the thermodynamic limit. From eqs. (135,138),
dn˜k =
2nλ2c6k6 cos2 θ
(2π)3Ma4~ωk
(
K1(Ωk)
Ωk
)
2
dkdo, (140)
with Ωk eq. (134) and do the element of solid angle.
Ωk becomes very small in the infrared region, and hence the leading term of eq. (140) is
dn˜k ≃ 2nλ
2k cos2 θ
(2π)3Mc3~
√
1 + k2ξ2(sin2 θ + k2ξ2)2
dkdo. (141)
Therefore, the leading term has a singularity around k ≃ 0 at the angles θ = 0, π, i.e. along the direction of trajectory,
which results in the divergent result for the total number of emitted bogolons. This infrared singularity due to bogolons
has the same origin as the famous infrared catastrophe in quantum electrodynamics [49]. There, the total number of
emitted photons due to a motion of accelerated charge particle diverges as k → 0. However, the physical measured
quantity, the radiated energy, is still finite.
To see the comparison between our case and the infrared catastrophe in quantum electrodynamics, we first integrate
eq. (141) over the angles. Then we find that the leading term of dn˜k is dk/k, besides a few factors, which diverges
for k → 0. However, the total dissipated energy dEtot is finite after we multiply dn˜k by ~ωk ≃ ~kc.
We next use the asymptotic form of K1 for large Ωk to get the leading term:
dn˜k ≃ nλ
2(2Mc)3 cos2 θ
(2π)2~5ak2
exp(−~k
2c
Ma
)dkdo. (142)
Hence the dissipated energy in the ultraviolet region after integrating over the solid angles is
dEk ≃ 4nλ
2M2c3
3π~3a
exp(−~k
2c
Ma
)dk. (143)
Thus dEtot asymptotically depends on k through the exponential factor exp[−~k2c/(Ma)] [52]. This high momentum
behavior could be used to measure the number ~c/(Ma), from which we can obtain the mass M of a boson.
Lastly we notice that two length scales in this example have different orders of magnitudes. One is the coherence
length ξ and the other is la = c
2/a. In most real experimental situations ξ ≪ la, since accelerations available in
laboratories are very restricted. Then we again use the asymptotic form of K1 to estimate the total dissipated energy
for the weak acceleration limit,
Etot ≃ nλ
2M2c
10~3
√
~a
πMc3
. (144)
Although the speed of impurities never exceed the speed of sound we expect a small finite amount of dissipation due
to the uniformly accelerated impurity.
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E. Circular Motion
The trajectory of relativistic circular motion on the xy-plane is discussed in Appendix. Thus it is enough to consider
the following trajectory, given two parameters R and Ω > 0.
ζx(t) = R cosΩt, ζy(t) = R sinΩt, ζz(t) = 0, (145)
where the constant term in ζx(t) is dropped since it does not contribute to the dissipated energy. The integral to
evaluate is
Ik(∞) =
∫ ∞
−∞
dt eiωkt−ik⊥R cos(Ωt−φ), (146)
where we express k in cylindrical coordinates as k = (k⊥ cosφ, k⊥ sinφ, kz). A formula
e−ix cos θ =
∞∑
ℓ=−∞
(−i)ℓeiℓθJℓ(x), (147)
with Jℓ(x) the Bessel function, expresses the above integral in a series as
Ik(∞) =
∑
ℓ
(−i)ℓe−iℓφJℓ(k⊥R)
∫ ∞
−∞
dt eiωkt+iℓΩt (148)
= 2π
∑
ℓ
i−ℓeiℓφJℓ(k⊥R) δ(ωk − ℓΩ). (149)
It is clear from the last expression that the above integral vanishes unless ωk = ℓΩ for some positive integer ℓ. When
we square (149) we need to take care of the delta distribution properly in the same manner as with the linear motion
case. The occupation number for a finite but large time interval T has an asymptotic form:
n˜k = 2πT
n2λ2
~3N
ǫk
ωk
∞∑
ℓ=1
δ(ωk − ℓΩ)(Jℓ(k⊥R))2. (150)
Hence the total dissipated energy per unit time is
Γ ≡ lim
T→∞
Etot(T )
T
(151)
=
2πnλ2
~2
∞∑
ℓ=1
∫
d3k
(2π)3
ǫk δ(ωk − ℓΩ)(Jℓ(k⊥R))2. (152)
To carry out the angle integral we use the formula
(Jℓ(x))
2 =
1
2π
∫ π
−π
dϕ e2iℓϕJ0(2x sinϕ). (153)
After several straightforward steps, we get the ℓth mode for the rate of energy dissipation Γ:
Γℓ = Γ0
ℓ(kℓξ)
2
1 + (kℓξ)2
∞∑
j=0
J2j+2ℓ+1(2kℓR), (154)
where Γ0 = nλ
2MΩ/(2π~2R) is a constant with dimension of energy per unit time, and kℓ is
kℓξ =
√√
1 + 2(
ℓξΩ
c
)2 − 1 (ℓ = 1, 2, · · · ). (155)
The total dissipated energy is given by summing over all modes ℓ.
In order to estimate the large ℓ behavior of (154), we use the method of stationary phase as discussed before. The
stationary phase points are given by
k⊥RΩ sin(Ωτj − φ) + ωk = 0. (156)
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Limiting the case RΩ/c < 1, i.e. k⊥RΩ < ωk, the τj are
Ωτj − φ = (3
2
+ 2j)π ± i| cosh−1( ωk
k⊥RΩ
)| (j = 0,±1, · · · ). (157)
We need to choose Im(τj) < 0 to satisfy the condition that the square of the integral will not diverge for k → ∞.
Then, following the procedure discussed before and deforming the contour properly, we get the asymptotic expression
of the integral Ik(∞) :
Ik(∞) ≃
∞∑
j=−∞
exp[iωkτj − ik⊥R cos(Ωτj − φ)]
∫
dt exp[−Ω
√
ω2k − (k⊥RΩ)2(t− τj)2] (158)
= (
π
Ω
√
ω2k − (k⊥RΩ)2
)1/2 exp{− 1
Ω
[ωk| cosh−1( ωk
k⊥RΩ
)|
+
√
ω2k − (k⊥RΩ)2 − iωk(φ+
3
2
π)]}
∞∑
j=−∞
e2nπiωk/Ω (159)
=
∞∑
ℓ=1
(
πΩ√
ω2k − (k⊥RΩ)2
)1/2(
k⊥RΩ
ωk +
√
ω2k − (k⊥RΩ)2
)ℓ
× exp{− 1
Ω
[
√
ω2k − (k⊥RΩ)2 − iωk(φ+
3
2
π)]} δ(ωk − ℓΩ), (160)
where we used formulae
∑∞
j=−∞ exp(ijθ) = 2π
∑∞
ℓ=−∞ δ(θ−2ℓπ) and cosh−1 x = ln(x+
√
x2 − 1). Thus we have also
obtained the same delta distribution dependence as eq. (149). Taking a rough approximation
√
ω2k − (k⊥RΩ)2 ≃ ωk,
Ik(∞) ≃
∞∑
ℓ=1
√
2πΩ(k⊥RΩ)
ℓ
(2ωk)ℓ+1/2
e−ℓ+iℓ(φ+
3
2
π) δ(ωk − ℓΩ). (161)
With this result and the relation ℓ ∼ ~k2ℓ/(2MΩ) for large ℓ, we find an exponential dependence of the rate of energy
dissipation for large k as exp[−~k2ℓ/(MΩ)]. This shows similar behavior as the constant acceleration case where
dependence was found as exp[−~k2c/(Ma)]. In most experimental settings the linear acceleration is so weak that
c/a ≫ 1/Ω. And hence we expect in the circular motion case, it is easier to estimate the mass M of bosons by
measuring the dissipated energy for high momenta ~k.
We remark that circular motion in BECs may be easier to realize in laboratories compared to the constant accel-
eration case. One reason is that we have two parameters R and Ω, which when combined can produce observable
dissipation effects. The other reason is that circular motion can be realized with additional trapping potentials which
are necessary in current BEC experiments. In this context it is also interesting to study the induced density and
current profiles (88,89) to examine the validity of our model.
VI. DYNAMICS OF IMPURITIES
We will consider back reactions on the impurities in this section. To this end we regard the impurity as a single
quantum mechanical particle with the canonical momentum pˆ(t) and the position qˆ(t). They satisfy the canonical
commutation :
[qˆi, pˆj ] = i~δij (i, j = 1, 2, 3). (162)
We add the Hamiltonian for the impurityHimp = pˆ
2/2m withm the mass of the impurity. Then the total Hamiltonian
of the system is
Hˆ(t) =
∫
d3x ψˆ†(x, t)(−~
2
∇
2
2M
)ψˆ(x, t)
+
g
2
∫
d3x ψˆ†(x, t)ψˆ†(x, t)ψˆ(x, t)ψˆ(x, t)
+ λ
∫
d3x δ(x− qˆ(t))ψˆ†(x, t)ψˆ(x, t) + (pˆ(t))
2
2m
. (163)
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Here we assume that the impurity is moving without an external potential. The dynamics of the impurity with
additional potentials can be found by adding suitable a potential term for the impurity in the above Hamiltonian.
Following exactly the same procedures as before, we obtain the Heisenberg equations of motion :
i~∂tbˆk(t) = ~ωk bˆk(t) + fk(t), (164)
−i~∂tbˆ†k(t) = ~ωk bˆ†k(t) + f †k(t), (165)
i~∂tqˆ(t) = i~pˆ(t)/m, (166)
i~∂tpˆ(t) =
∑′
~k(bˆk(t)f
†
k(t)− h.c.), (167)
where fk(t) now depends on the position operator qˆ(t), i.e.,
fk(t) = nλ
√
ǫk
N~ωk
exp(−ik · qˆ(t)). (168)
Thus we can obtain a closed equation for the position operator qˆ(t) as
mq¨(t) = −nλ
2
~2
1
V
∑′ ~kǫk
~ωk
[
exp (igk(q(t); t))
∫ t
t0
dt′ exp (− igk(q(t′); t′))+ c.c.
]
, (169)
where gk(q(t); t) = ωkt− k ·q(t) and the boundary condition is chosen as t = t0. To derive this equation, we take the
expectation value with respect to the homogeneous condensate, and we drop the hat for the position operators.
Although it is unlikely that we can obtain the analytical solution to the above equation (169), this equation will be
useful to study the dynamics of the impurities numerically.
VII. ALTERNATIVE MODEL
So far we have only considered the local density-density interaction between the impurities and massive bosons.
In this section we provide an alternative interaction model which is Galilean invariant. We first review Galilean
symmetry in the non-relativistic quantum field theory [54, 55].
A. Galilean symmetry
A Galilean transformation with a given velocity v is defined by
t→ t′ = t, (170)
x→ x′ = x− vt. (171)
Under this Galilean transformation, the partial derivatives ∂t and ∂i are transformed as
∂t → ∂′t = ∂t + vi∂i, (172)
∂′i → ∂i. (173)
The quantized field ψˆ(x, t) is transformed as
ψˆ(x, t)→ ψˆ′(x′, t′) = eiSv(x,t)/~ψˆ(x, t), (174)
where Sv(x, t) = −Mv ·x+Mv2t/2.
The Lagrangian density L for the Bogoliubov model,
L = i~
2
(ψˆ†∂tψˆ − ∂tψˆ†ψˆ)− ~
2
2M
∂iψˆ
†∂iψˆ − g
2
ψˆ†ψˆ†ψˆψˆ, (175)
is invariant (scalar) under the Galilean transformation. Then the corresponding conserved current Nµ(i)(µ = 0, 1, 2, 3
and i = 1, 2, 3) is given as
Nˆ0(i)(x, t) = x
iJˆ0(x, t) + t Tˆ 0(i)(x, t), (176)
Nˆ i(j)(x, t) = x
iJˆj(x, t) + t Tˆ i(j)(x, t). (177)
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Here Jˆ0(x, t) = Mρˆ(x, t) is the mass density, Jˆ i(x, t) = Mˆi(x, t) is the mass current density, and the stress energy
momentum complex Tˆ µ(i)(x, t) is defined by eqs. (98). For convenience we list them below :
Jˆ0(x, t) =Mψˆ†ψˆ, (178)
Jˆ i(x, t) =
~
2i
(ψˆ†∂iψˆ − ∂iψˆ†ψˆ), (179)
Tˆ 0(0)(x, t) =
~
2
2M
∂iψˆ
†∂iψˆ +
g
2
ψˆ†ψˆ†ψˆψˆ, (180)
Tˆ i(0)(x, t) = −
~
2
2M
(∂tψˆ
†∂iψˆ + ∂iψˆ
†∂tψˆ), (181)
Tˆ 0(i)(x, t) =
i~
2
(ψˆ†∂iψˆ − ∂iψˆ†ψˆ), (182)
Tˆ i(j)(x, t) = −
~
2
2M
(∂iψˆ
†∂j ψˆ + ∂jψˆ
†∂iψˆ)
+ δij [− i~
2
(ψˆ†∂tψˆ − ∂tψˆ†ψˆ) + ~
2
2M
∂kψˆ
†∂kψˆ +
g
2
ψˆ†ψˆ†ψˆψˆ]. (183)
It is straightforward to show that the current satisfies the continuity equation :
∂tNˆ
0
(i) + ∂jNˆ
j
(i) = 0 (i = 1, 2, 3). (184)
Therefore, the generator Gˆi defined by
Gˆi =
∫
d3x Nˆ0(i)(x, t), (185)
is time independent, i.e. dGˆi/dt = 0. The commutator between the field ψˆ(x, t) and the generator Gˆi is
[ψˆ(x, t), Gˆi] = (Mxi + t i~∂i)ψˆ(x, t). (186)
B. Current-current interaction
We next look for a possible interaction with the impurities based on the Galilean symmetry. For the purpose of
symmetry considerations, we first consider interactions between massive bosons and a quantized field Ψˆ(x, t) for the
impurity. The Galilean transformation is also applied for the impurity field Ψˆ(x, t). The basic idea is to add possible
Galilean invariant terms to the Lagrangian density. The density ρˆ = ψˆ†ψˆ is obviously a scalar under a Galilean
transformation. Hence, the simplest interaction is
LI = −λρˆρˆimp, (187)
where ρˆimp = Ψˆ
†Ψˆ is the density of the impurity field. Taking the classical limit, where the density of the impurity
is replaced with the Dirac delta distribution δ(x− ζ(t)), we recover the model proposed in Sec. II.
The next possible interaction is naively expected as the current-current interaction, i.e. L′I = −λ′ˆ ·ˆimp. However,
this interaction is not allowed within Galilean invariant theory. We note that the current ˆ is transformed under a
Galilean transformation :
ˆ(x, t)→ ˆ′(x′, t′) = ˆ(x, t)− vρˆ(x, t). (188)
Therefore, the term ˆ · ˆimp is not a scalar under a Galilean transformation. In order to form a Galilean scalar, we
look for a quantity ˆ4(x, t) which transforms as
ˆ4(x, t)→ ˆ′4(x′, t′) = ˆ4(x, t)− v ·ˆ(x, t) +
1
2
v2ˆ4(x, t). (189)
Then, it is easy to show that the following combination
ˆ ·ˆimp − ρˆˆ4imp − ˆ4ρˆimp, (190)
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is invariant under a Galilean transformation. We make the following ansatz for ˆ4(x, t) :
ˆ4(x, t) = − ~
2
4M2
(ψˆ†(x, t)∇2ψˆ(x, t) +∇2ψˆ†(x, t)ψˆ(x, t)). (191)
Another possible form is ˆ4 = ~
2∂iψˆ
†∂iψˆ/(2M
2). The physical meaning of ˆ4(x, t) is clear, if we multiply by the mass
M . Mˆ4(x, t) is the kinetic energy density. Thus, we find that the current-current interaction in Galilean invariant
theory is
L′I = −λ′ (ˆ ·ˆimp − ρˆˆ4imp − ˆ4ρˆimp) . (192)
The corresponding Hamiltonian including both LI and L′I is
Hˆ =
∫
d3x [ψˆ†(−~
2∇2
2M
)ψˆ +
g
2
ψˆ†ψˆ†ψˆψˆ] + λ
∫
d3x ρˆρˆimp + λ
′
∫
d3x (ˆ ·ˆimp − ρˆˆ4imp − ˆ4ρˆimp) . (193)
The classical limit, where a point-like impurity is moving along a given trajectory, is obtained by the following
replacement :
ρˆimp(x, t)→ ρc(x, t) = δ(x− ζ(t)), (194)
ˆimp(x, t)→ c(x, t) = ζ˙(t)δ(x− ζ(t)), (195)
ˆ4imp(x, t)→ 4c(x, t) = 1
2
ζ˙(t)2δ(x− ζ(t)). (196)
C. General solution for the current-current interaction
The general solution within the Bogoliubov approximation is easily obtained for the Hamiltonian (193) in the same
manner as before. After the Bogoliubov transformation, the Hamiltonian is
Hˆ ≃ E′0 +
∑′
~ωk bˆ
†
k(t)bˆk(t) +
∑′
(Fk(t)bˆ
†
k(t) + h.c.). (197)
Here Fk(t) is defined by
Fk(t) = nλ
√
ǫk
N~ωk
[
ρ˜k(t) +
λ′
λ
ωkk ·˜k(t)
k2
− λ
′
λ
(˜4k(t) +
ǫk
2M
ρ˜k(t))
]
. (198)
Fourier transforms of ρc(x, t), c(x, t), and 4c(x, t) are denoted by ρ˜k(t), ˜k(t), and ˜4k(t), respectively, i.e.,
ρ˜k(t) =
∫
d3x ρc(x, t)e
−ik·x, (199)
˜k(t) =
∫
d3x c(x, t)e
−ik·x, (200)
˜4k(t) =
∫
d3x 4c(x, t)e
−ik·x. (201)
By solving the Heisenberg equation of motion, we obtain
bˆ†k(t) = bˆ
in†
k (t) + Φ
∗
k(t), (202)
bˆk(t) = bˆ
in
k (t) + Φk(t). (203)
Here Φk(t) is
Φk(t) = − i
~
e−iωkt
∫ t
−∞
dt′ Fk(t
′)eiωkt
′
. (204)
The same analyzes as were done before, will hold for the above general solution by replacing φk(t) with Φk(t).
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VIII. CONCLUSION AND DISCUSSION
We have shown that the motion of classical impurities in the homogeneous BEC creates the time dependent coherent
state. This results in macroscopic phenomena such as energy dissipation, induced density fluctuations, and so on.
The essence of our results is that the homogeneous condensate is very robust against the motion of the impurities in
the large N limit. However, in the current experiments where the typical number of atoms are on the order of 105∼7,
the motion of the impurities could destroy the condensates by increasing the number of impurities. In order to study
these effects, we need numerical analysis with additional trapping potentials. An extension to the finite temperature
is also desirable for this purpose.
We have also shown that our simple model revealed various properties of the homogeneous condensate which
have not been discussed before. These properties support the possibility of BECs being the space-time medium for
impurities. Minkowski space-time structure was shown to be a certain part of the homogeneous BEC in the low
energy scale, such as the wave equations (111), an effective Minkowski metric (104) and its inverse (105). In this
context special relativity could be considered as an effective theory rather than a fundamental one, which emerges
from the underlying microscopic degrees of freedom. Then it is quite natural to expect that the Lorentz symmetry
is not the exact symmetry at all energy scales. We again emphasize the non-triviality of our result regarding the
energy momentum stress complex. The deviation of this quantity from the homogeneous condensate is shown to be
symmetric with an effective Minkowski metric (104).
Several examples worked out in Sec. V illustrate the significance of our model. The effective attractive Yukawa type
force between stationary impurities in our model is understood as the exchange of bogolons whose dispersion relation
is linear. This effect itself seems difficult to observe directly with the current limitations in experimental techniques.
Because this force decays exponentially for distance longer than the coherence length. The microscopic derivation of
Landau’s criterion shows that this criterion is not so strong one as was originally proposed. It is found that there
occur finite amount of energy dissipation even slightly below the critical velocity given by eq. (119). However, this
dissipation decays exponentially for these subluminal motion of impurities. We found that energy dissipation for the
uniformly accelerated motion of impurity is too small to observe by direct measurements. In stead we suggest to look
for a circular motion case in current experiments. Further investigations for this case need to be done with numerical
analysis.
There are several future directions in studying this problem. First, we need to treat the impurity at the quantum
level rather than as a point-like classical object. As we have already seen, the dynamics of a single quantum point-like
impurity is difficult to solve analytically. Another possible extension of our model is to consider a quantized field
for the impurities as was outlined in the previous section. Then, we solve the field equations for massive bosons and
the impurities self-consistently. Another issue which was not studied in our model is inhomogeneous condensates.
Particularly, impurity effects in the presence of quantized vortices is of interest. We would like to continue to study
these problems in near future.
We finally remark that our result does not agree with the conventional approach to quantum field theory in curved
space-time [32]. According to this work, a uniformly accelerated particle detector in the empty Minkowski space-
time is shown to detect a thermal spectrum, which leads to an interpretation of the thermal effect. If we follow the
idea proposed in refs. [7–15] and if there exists the Unruh effect, then the spectrum of bogolon for the uniformly
accelerated impurity case should be the thermal one. As we have shown in our model, the bogolon spectrum for the
uniformly accelerated impurity in the homogeneous condensate is not the thermal spectrum (eq. (138) or (140)). We
note that similar, but phenomenological, considerations were presented in Chapter 6 of ref. [19] [56]. The author of
this book claims that the excitations caused by the uniformly accelerated relativistic motion of a point-like classical
impurity in a superfluid 3He are emitted with the thermal spectrum. His argument is solely based on the simple
Boltzmann factor evaluated in the WKB approximtion. The presence of this Bolzmann factor, not a Bose-Einstein
factor, for the transition rate leads that author to the conclusion that an analog of the Unruh effect is present in the
B-phase of 3He. However, we would disagree with the interpretation that the homogeneous condensate would serve as
a thermal bath for accelerated impurities. The reason is clear as seen below [57]. The thermal nature of reservoir is
a consequence of a statistical ensemble average. From this averaging procedure, the expectation value of occupation
number for bosons results in the Plankian distribution, but not the other way around. In other words, an apparent
mathematical expression does not mean that the system is in a thermal equilibrium at certain temperature. This
point was also discussed by Lee within the context of the Unruh effect [57]. In our model the homogeneous condensate
is seen as a coherent state by the bogolon, i.e. eq. (63). Hence, the occupation number (64) with respect to the
homogeneous condensate has nothing to do with any statistical ensemble average. This observation leads us to the
main conclusion that the homogeneous condensate does not serve as a thermal bath for accelerated impurities. If the
homogeneous condensate is the physically correct model for Minkowski space-time, it then logically follows that the
apparent thermal response of the linearly accelerated detector models may be the result of improper regularization.
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APPENDIX A: RELATIVISTIC CIRCULAR MOTION
We look for a relativistic circular motion in (2 + 1) space-time. We assume that the four acceleration wµ(s) =
d2xµ(s)/ds2 (µ = 0, 1, 2) is of the form:
w0(s) = 0, Z¨(s) = w1(s) + iw2(s) =
a
c2
eiϕ(s), (A1)
where s is the proper time, a is an acceleration constant, and ϕ(s) is a real function of the proper time. Thus
wµwµ = −a2/c4 and wµ is a space-like. The four velocity uµ(s) = dxµ(s)/ds satisfies uµuµ = 1. We solve this
differential equation with the following initial condition,
Z(s)|s=0 = R0, Z˙(s)|s=0 = iR0Ω0 dx
0(s)
ds
∣∣∣∣
s=0
, (A2)
with given radius R0 and angular velocity Ω0 corresponding to the non-relativistic limit. The relation between the
acceleration a and these parameters R0, Ω0 is a = R0Ω
2
0. The solution is
x0(s) = ct(s) = γs, (A3)
Z(s) = x(s) + iy(s) = R0γ
2 exp(i
βs
R0γ
)−R0γ2β2, (A4)
where β = R0Ω0/c and γ = 1/
√
1− β2 the relativistic factor. From this solution we find the trajectory of relativistic
circular motion in terms of time t as
x(t) = R0γ
2[cos(
Ω0t
γ2
)− β2], y(t) = R0γ2 sin(Ω0t
γ2
). (A5)
In the limit c→∞, this solution becomes
x(t) = R0 cos(Ω0t), y(t) = R0 sin(Ω0t). (A6)
We remark the center of the circular motion is not fixed at the origin before the limit c→∞.
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